
 

MATH 2050C Lecture 6 Jan 27

Problem Set 3 posted due on Feb 11

Last time connectedness of intervals

Note Given Ii Ie E IR intervals

I n Iz is still an interval
In Iz

Il d Iz
C 7 s B

Il V Iz may NOT be an interval

I i Iz
C l C j s R

Q what about Ii

Thm Nested Interval Property NIP

Let In Can bn n C IN be a sequence of

closed and bounded intervals which are nested

I Z Iz Z Iz Z 2 In Int Z
co

TtEN h In f 01 Moreover if
hes

inff Length In NEIN 0 then In f



Examples Co th fo
N

h o It th Co I to
h I

Non examples
00

I M o ht hot closed
NII

N

Z n n N of not bounded
h s

00

3 A n n 111 01 not nested
h s

Proof of Thm

E In Iz Iz I

C C x I I 2 R

Ai E Az E Az An Ebn bz E bz E b

Consider S fan I n c IN E R which is

bold above by bi so a sup S G R exists

by completeness of LR



D N

Cain e n In n In 0
han

Pf of Claim want c In Can bn THEN

Sups is an upper bot of S

an E On C IN

To see why E bn Tn C IN we argue

by contradiction Suppose NOT

7 me IN St bin

since Sup S is the least upper bd

bin cannot be an upper b d for S

I k C IN St bm L Ak E S
contradiction

Case 1 m c k beEbm AKE bk

Ams eCase 2 ma k bms AKE am

The remaining part is left as exercise
D



Cor IR is uncountable

If Suffices to show 0.13 is uncountable

Argue by contradiction

Suppose o IT is countable Then we can

exhaust all the elements in Co I in a

sequence

0 I f Xc Xz Xz X4 r K

We will construct a nested sequence of closed

bdd intervals In n c IN inductively as

7C 262 13
follows C 2 IR

I Iz I

Choose Is E Co I sit X I

Choose Iz E I I St X2 Ct Iz
e i
s

Choose In E In 1 S t Xn El In

By NIP IF Int 0 say E TI In E Co I
contradiction

By GX Xia for some KEIN 3 Ice
is


